The analysis of strong and weak motion recordings in existing structures is critical for understanding both the damaging process during earthquakes and their structural behavior. The time-frequency representation is one of the existing methods to get information on the frequency variations in buildings, which may indicate either damage or degradation. In this article, we use standard time-frequency methods with amplitude normalization and reassignment method in order to observe smaller variations in earthquake recordings in buildings. The method used in this article is first validated on strong recordings from the R. Millikan Library (Pasadena, California) and later applied to weak earthquakes recorded in the Grenoble City Hall (France). This method detects torsion activation and very small frequency variations under weak motion. We show that these variations are probably due to variations of the input motion and cannot be attributed to variations in the parameters of the structural system.
Introduction
Since Omori [1] , certainly the first author who related the variations of the fundamental frequency of buildings with damage and structural retrofitting, a large scientific community has dealt with the building frequency monitoring for structural and earthquake engineering (e.g., [2] [3] [4] [5] [6] [7] [8] [9] ).
Recent studies that focused on earthquake engineering applications (e.g., [10] [11] [12] [13] ) have shown how these variations can be monitored with enhanced methods based on time-frequency representation or linear modal analysis. They related the permanent and transient decrease of the frequency value during ground shaking to the structural integrity of the building. The damaging process in buildings during earthquakes produces a permanent loss of structural stiffness and thus a permanent decrease of the fundamental frequency. Laboratory dynamic or pseudo-dynamic tests also showed such a frequency decrease with increasing damage [14] . For this reason, monitoring the frequency of buildings may be useful to detect the damage after earthquakes, as recently shown in practice by Dunand et al. [15] after the Boumerdes, Algeria (May 21, 2003) earthquake. After evaluating the fundamental frequencies for undamaged and damaged buildings using ambient vibrations, they found less than 20% frequency shift for almost all buildings classified in slight damage (green classification, i.e., people could return to buildings) and less than 40% frequency shift for buildings classified in moderate damage (orange classification, i.e., buildings could be retrofitted).
Moreover, using the strong motion data collected in buildings, Clinton et al. [11] and Dunand et al. [12] showed that transient frequency variations due to the opening and closing process of pre-existing cracks in the structure occurred during shaking.
Clinton et al. [11] and Todorovska and Al Rjoub [16] recently showed that, for long-term monitoring of buildings, small frequency variations under weak motion (ambient vibrations) could also be due to the atmospheric conditions. For example, rains can alter the elastic property of soils, and thus change the response of soil-structure system. These references show that small variations of fundamental frequencies observed in buildings using ambient vibrations may not be always related to damaging process but may be related to the dynamic response of the system composed of soil, structure, and foundation. Since the monitoring of building frequency is certainly the easiest way for building behavior assessment and health monitoring, the physical meaning of instantaneous frequency variation is therefore a crucial point that must be explored in depth. A large set of methods using the time-frequency representation exists for monitoring building frequency variations during earthquakes [17] [18] [19] . While the decrease is well and easily observed during the strongest motions, because of the large decrease in fundamental frequency, the analysis of the smallest frequency variations under strong and weak motions must be sufficiently precise in order to understand their physics. In this article, a normalized distribution is proposed in order to focus on the frequency variations. Based on the Wigner-Ville distribution [20, 21] , this method combines the advanced timefrequency distribution with the reassignment method [22, 23] that enhances the precision of the energy distribution, well adapted to reveal the lowest and transitory variations. Based on this technique, the frequency variations under strong and weak motions are investigated for two buildings in order to analyze the origin of the frequency shifts observed in buildings under weak motions.
This method is first validated on a well-known strong motion recorded in the Millikan Library building (California) and compared to classical analyzes already published by several authors (e.g., [11] ). It is then applied to weak motions produced by moderate earthquakes recorded in the City Hall building of Grenoble (France). The small variations of the building frequency are studied and compared to the building behavior extracted from ambient vibrations. The relevancy and limits of the observed variations are finally discussed.
The Reassigned and Smoothed Pseudo Wigner-Ville Distribution
Considering the signal to be analyzed x(t), let us define x a (t) the analytical signal of x(t) by:
wherexðtÞ, the Hilbert transform of x(t), is defined by:x
x a (t) can be rewritten in its polar form:
x a ðtÞ ¼ EðtÞ:e j'ðtÞ ,
with E(t) and u(t) representing the envelope and the instantaneous phase of the signal, respectively. The analytical signal x a (t) is generally used instead of the real signal x(t) for all time-frequency methods because its Fourier Transform is single-sided, which is more convenient for computations [17] . During earthquakes, the large amplitudes mask the information contained in the signal before and after the strong motion when a classical time-frequency representation is used. For this reason, we make the signal stationary by dividing it by its envelope. This step may distort the phase of the signal but the results given in this article show that this effect is minor in this application. Bradford [18] suggested normalizing each window of the spectrogram by the maximum in the spectrum. The method employed here can be used irrespective of the time-frequency representation. The studied signal s(t) is given as:
Numerous applications of time-frequency methods have been published, for structural and earthquake engineering applications (e.g., [24] [25] [26] 18, 19] ). Neild et al. [17] reviewed these methods for structural vibration analysis. They classified the methods into three categories: the instantaneous frequency-based methods, the windowed methods, and the bilinear distributions-based methods, simultaneous in time and frequency.
Since the study-system has multiple modes, the instantaneous frequency could be used only after the Empirical Mode Decomposition as proposed by Huang et al. [27] but it is not developed here. The windowed methods are the most widely used. The well-known spectrogram, for example, consists in computing Fourier transforms on short time windows. The use of such windowed methods needs a compromise between frequency and time precision. The length of the window also strongly influences the smoothing of the results. In order to avoid this trade-off between frequency and time precision, time-frequency distributions are used. They are also called 'energy distributions' because they distribute the energy of the signal in the timefrequency space [23] . Most of them use the Cohen's class distribution [23, 17] , which keeps the total energy, the instantaneous energy, and the spectral density energy of the signal.
The simplest distribution of Cohen's class is the Wigner-Ville distribution (P WV ) and is given by:
The integral in time is not only evaluated on a short-time window like the spectrogram but also from À1 to +1, so that there is no limit on the frequency precision. When we compute the product x a t þ =2 ð Þx Ã a t À =2 ð Þ, additional terms are included in the P WV distribution producing interferences. The use of the analytic signal limits them because its Fourier Transform is single-sided and has therefore less components. The smoothed pseudo-Wigner-Ville (SPWV) distribution P spWV is usually computed. This corresponds to a windowed version in time and frequency of the P WV . It is equivalent to a time and frequency smoothing [23] and is adapted to finite signals in time. The smoothing also attenuates interferences. The P spWV distribution is expressed as follows:
with g and h representing regular windows (for example, Hamming windows) corresponding to time and frequency smoothing, respectively. The energy band of this distribution is, however, generally thick, making the small frequency variations difficult to distinguish. In order to remove these difficulties, Kodera et al. [22] and Auger and Flandrin [23] developed the reassignment method. They assume that there are no physical reasons for the energy distribution to be symmetric at the vicinity of each timefrequency point. Therefore, they suggest the reassigning of the value of the local energy distribution to the center of gravity of the domain around each time-frequency point. The reassigned distribution is the sum of the distributions obtained at each point. The mathematical implementation of the reassignment proposed by Kodera et al. [22] is developed in Auger and Flandrin [23] for several classical time-frequency methods such as the SPWV distribution or the spectrogram. In addition, reassignment method reduces the interferences in the WV distribution. The reassigned SPWV is computed as follows [23] :
Few applications of the reassignment technique to natural signals exist in the scientific literature: for example, Kodera et al. [22] and Pedersen et al. [28] employed this method for the study of geomagnetic pulsations and the estimation of dispersion curves in geophysics, respectively. For applications to earthquakes recorded in structures, the time history of the building motion may have an initial and fast frequency drop followed by a more stable part (e.g., [11, 19] ). The short-term decrease of the frequency is hardly captured by classical methods integrating on finite windows such as spectrogram or even SPWV. This leakage phenomenon may be corrected by the reassignment method. The major advantages of this method are therefore the slenderness of the energy band, the removal of the majority of interferences, and a better capture of fast frequency changes [22] that is well adapted to the building vibrations analyzis.
Once the time-frequency distribution has been calculated, it is also possible to extract the modal frequency values by choosing the maxima in the required frequency range.
Application to Strong Motion Recorded in the Millikan Library Building
The Millikan Library on the Caltech campus (Pasadena, California) is certainly one of the first instrumented and extensively studied buildings in the world. It is a 9-story reinforced-concrete (RC) structure built in 1967 based on RC frames and some RC shear walls. A harmonic shaker is permanently installed at the top of the structure since the early seventies to perform forced vibration tests [29] . Thanks to the Californian Strong motion Instrumentation Program (CSMIP), the building has been instrumented since 1968 with two 3C accelerometers at the top and at the basement. Immediately after the construction of the building, forced vibration tests were performed in 1967 and the measured resonance frequencies under such weak motion were 1.45 Hz and approximately 1.95 Hz in the E-W and N-S directions, respectively [29, 11] .
On February 9, 1971 , the San Fernando earthquake (local magnitude M L = 6.6 at 31 km), with a peak ground acceleration (PGA) of 200 cm/s 2 (basement, N direction), produced peak top accelerations of 306 and 341 cm/s 2 in the E-W and N-S directions, respectively, one of the greatest recorded in the structure [11] . This earthquake induced cracking and spalling of the concrete slabs on the ground floor and horizontal cracks in the core shear walls between the basement and the second story in the N-S direction [30] . Figure 1 compares the spectrogram distribution, its reassigned version, the SPWV distribution, and its reassigned version for normalized recordings of this earthquake at the top of the building in the E direction. In all, 2048 and 464 points in frequency and time were used, respectively.
The frequency smoothing was done by 512-point Hamming windows, and the time smoothing for the SPWV distribution was done by a 46-point Hamming window. Most of the observations displayed in Figure 1 have been reported by Foutch and Jennings [30] and Clinton et al. [11] . We observe a rapid decrease in the first frequency during the first 15 s. The pre-seismic frequency is greater than 1.3 Hz, but due to the very short pre-event time window, this frequency cannot be clearly seen in this figure. The co-seismic frequency, i.e., the minimum value reached during the earthquake, is 0.94 Hz, i.e., a transitory drop of 35% with respect to the pre-seismic frequency value (1.45 Hz) found in Clinton et al. [11] . These authors estimated a co-seismic frequency of 1 Hz calculated on the whole signal, therefore a bit larger than the minimum value found here. This co-seismic frequency occurs 5 s after the peak acceleration. Once this value is reached, the frequency increases gradually up to the post-seismic frequency (frequency at the end of the recording) and equal to 1.15 Hz. This post-seismic frequency is close to the value obtained after the San Fernando earthquake by forced and weak vibration tests performed in 1974 (1.21 Hz) [11] . This means that during the San Fernando event the greatest part of the transient stiffness drop is recovered in 50 s. However, Figure 1 shows that the recovery is not continuous. For example, a small decrease of the frequency occurs after t=70 s, whereas the motion amplitude has decreased. This small frequency drop is therefore more likely due to the linear response to the ground motion than to stiffness reduction. Thus, during the nonlinear process of stiffness recovery, the response to the complex input also plays an important role. The application of any time-frequency method to real earthquake recordings in structures faces some problems. First, even if the proposed normalization method allows to follow the main modes on the whole signal duration, some modes may not be activated in some parts of the signal (no energy). Second, we can observe strange spider-like patterns in the reassigned SPWV that partly appear as energy patches in the spectrogram. They are therefore not mainly due to the WV interferences but due to the complexity of the input wave field and resonance frequency beating, e.g., at 45 s. Thus, time-frequency distributions of the building vibrations should be carefully interpreted.
The spectrogram gives the poorest results because of fuzzy patterns and discontinuities when variations are too rapid (e.g., at 60 s). However, its reassigned version gives a more precise picture of the frequency variation during shaking. The SPWV performs better than the spectrogram with a clearer, smoother, and thinner picture but its reassignment is even better. The reassignment procedure removes most of the interferences seen with SPWV. This comparison shows that the reassignment method describes and follows in more detail the frequency variations and identifies fast and small frequency drops. The reassignment of the spectrogram and the SPWV perform equally well in this example but the reassigned SPWV is preferred in order to avoid the windowing. Since the proposed method is successful for large frequency variations, it is applied in the following sections to weak earthquakes in order to assess their capacity to monitor and to understand small frequency variations.
Application to Weak Motions in the Grenoble City Hall Building
Since November 2004, the City Hall building of Grenoble (France) has been surveyed by the French Accelerometric Network (RAP) [31] . The building is a 13-story RC-structure built in 1967 (Figure 2(a) ). The tower has a 44 m by 13 m plan section and rises 52 m above the ground. Two inner cores, consisting of RC shear walls, enclose the stairwells and lift shafts and are located at two opposite sides of the building. The structural system combines the shear walls with RC frames and longitudinal beams bearing the RC floors. The accelerometric stations monitoring the building are composed of 3C Episensors (Kinemetrics) plugged to MiniTitan (Agecodagis) digitizers, located at the top and at the bottom of the building. A complete description of the building and of the network may be found in Michel and Gue´guen [32] and Pe´quegnat et al. [31] .
In addition, ambient vibration tests were performed in the building in order to extract the full-scale behavior of the structure [32] . Simultaneous recordings of ambient vibrations were performed in 35 different points of the structure (Figure 2(b) ) and the modal parameters were extracted using the frequency domain decomposition (FDD) method [33] . The method comes to calculate the Fourier transforms of the correlation matrices for each dataset (power spectral density (PSD) matrices) and then to perform a singular value decomposition of the PSD matrices at each frequency. The peak frequencies of the first singular values give the resonance frequencies (Figure 2(c) ) and the corresponding eigenvectors give the modal shapes (Figure 2(d) ). Only three modes were accurately determined (Figure 2 (c) and (d)): the first longitudinal bending mode at 1.15 Hz, the first transverse bending mode at 1.22 Hz, and the first torsion mode at 1.44 Hz. According to the building plans, the structure is nearly symmetric. This is confirmed by the fact that these three modes are fairly uncoupled and show pure motions along the three main degrees of freedom of the structure. The damping ratios under ambient vibrations are close to 1% for each mode [32] .
We computed the reassigned SPWV distribution for three earthquakes among the largest recorded at the OGH6 roof station in the transverse direction (Figure 3 moderate seismic shaking. This phenomenon is likely due to the loading by a single remote source that acts with the same phase on the whole building foundation, whereas ambient vibrations are due to multiple sources acting with different phases on the foundation and therefore creating a moment. Nevertheless, some variations in the building behavior exist under weak motion such as these three study-cases. These variations are amplified by the fact that the City-Hall of Grenoble is founded on a very deep 3D basin introducing variability of seismic ground response even for weak motion [34] . We observe also small and transient variations of the bending frequency (1.22 Hz), sometimes on small windows of ambient vibrations but mainly during earthquakes (Figure 3 ). The greatest variation, a decrease of about 10%, occurs during the Vallorcine earthquake that produced a peak acceleration of 11 cm/s 2 at the top.
Discussion on the Frequency Decrease Observed under Weak and Strong Motion
In case of strong motions, the time-frequency distribution obtained using the reassigned SPWV method for the San Fernando earthquake recorded in the Millikan Library (Figure 1 ) clearly shows variations of the resonance frequencies from the pre-to co-seismic values and from the co-to post-seismic values. These variations are consistent with those estimated by other researchers [11, 12] .
In order to show the impact of stiffness decrease on the recordings in the building, we used two linear single degree-of-freedom (SDOF) systems (5% damping), the first one having dynamic characteriztics corresponding to the 'post-event building' (frequency 1.2 Hz) and the second to the 'co-seismic building' (frequency 1 Hz). We computed the synthetic time history at the roof by convolution of the recorded time history at the basement with both SDOF models using the Duhamel integral. The 1 Hz SDOF model reproduces the major part of the time history as well as the frequency variations (Figure 4) . Only the part after 10 s of recording is described because of a very short pre-event window for timefrequency analyzis. In the initial phase corresponding to the strongest motion (i.e., between 10 and 40 s), the 1 Hz SDOF reproduces the frequency variations, but fails to explain the stiffness recovery. Between 65 and 90 s, i.e., corresponding to the post-seismic phase, the 1.2 Hz SDOF fits the data better and it could explain the decrease at 70 s that may be due to the history of the seismic input motion. However, the greatest part of the variations, around 20%, can only be explained by nonlinearity in the structural stiffness due to damaging effect.
Under strong motion, the observed drop of the building frequency is therefore mainly dominated by the permanent and transient variations of the structural stiffness, due to the opening and closing process of cracks in concrete. This observation was firstly mentioned by Omori [1] , and later concluded by many studies (e.g., [35, 36, 10] ) for other structures. The recovery between the co-and post-seismic frequencies, maybe due to the re-closing of cracks in the structure, shows that the stiffness variation is partly transient. Some others origins, such as soil-structure interaction variations due to local perturbations of soil foundation properties by atmospheric conditions, have been recently suggested by Clinton et al. [11] and Todorovska and Al Rjoub [16] on long time observations of continuous recordings. Nevertheless, the low amplitude of the frequency drop observed by these studies can be neglected in comparison with those due to stiffness reduction under strong motion.
Nevertheless, some small variations observed after the strong motion can be clearly detected by the reassigned SPWV distribution and may originate in different factors than structural nonlinearity, such as the input time history.
Concerning the Grenoble City Hall building, Figure 3 shows how the energy is distributed between the bending and the torsion mode under weak motion. As we did for the Millikan Library, we developed a SDOF model for this building, fixed using ambient vibration surveys done by Michel and Gue´guen [32] , i.e., 1.22 Hz for the transverse fundamental frequency with 1% damping. The synthetic time history of the building motion at the roof was also computed by convolution of the recorded time history at the basement (OGH3, Figure 2(c) ) with the SDOF model using the Duhamel integral. This modelling assumes a constant fundamental frequency value under weak motion (linear elastic model). The recorded and synthetic distributions using the reassigned SPWV method are displayed in Figure 5 , corresponding to the strongest earthquake (Vallorcine earthquake) showing a 10% frequency drop. The maximum values of these distributions are extracted ( Figure 5(b) ). Only points with a value greater than one-fourth of the maximum value in the time-frequency plane are considered. The time-frequency distributions of the experimental and synthetic time histories show similar frequency variations ( Figure 5) , with a correlation coefficient of 82%. The study gives similar results for other earthquakes, not displayed in this paper. This observation allows us to conclude that the over-simplified and linear model of the building explains most of the variations under weak motion. These variations are therefore more likely due to the input motion (at the basement) rather than nonlinear stiffness variations in the building. Moreover, during earthquakes, torsion motion is much less activated than bending mode as displayed in Figure 3 . In fact, the building behavior appears to alternate between these two modes. One explanation could be that ambient vibrations cause differential motions along the building foundation produced by the multiple sources and therefore activating the torsion mode, whereas the earthquake may be considered as one single input loading the whole building foundation. This would imply that the building eccentricity between the center of mass and the center of rigidity is very low, which is attested by the structure regularity and shown by Michel and Gue´guen [32] .
Recently, Clinton et al. [11] observed the changes of building frequency due to the water content in soil on long time history of the building motion recorded at the Milikan Library building. However, this phenomena are very different from the variation observed in our study and would not be a relevant explanation. The multiple sources of the seismic noise may explain the complexity of the ground ambient wavefield producing small variations in amplitude and frequency.
Conclusions
Even if no time-frequency representation is perfect for systems with changing frequency content, this paper shows that the reassigned SPWV follows precisely the structural frequencies during earthquake and weak motions. The reassignment procedure for SPWV and spectrogram distributions significantly increases the resolution to analyze the transitory variations of frequencies in buildings for weak and strong ground motion. The method used in this paper allows the analysis of earthquake recordings from structures and from dynamic or pseudo-dynamic laboratory tests to better relate frequency variations to the amplitude of motion.
The time-frequency distributions of normalized signals, and particularly the reassigned SPWV method, give a better understanding of the nonlinear evolution of the resonance frequency of buildings during earthquake motions. In the case of the Millikan Library, we reproduce the well-known fast frequency drop that occurs just after the peak acceleration until a minimum value. This drop is followed by a slower increase in frequency until the post-seismic frequency. This frequency corresponds to those recorded under ambient or forced vibrations after the earthquake. In the case of the San Fernando earthquake recorded in the Millikan Library, a transient drop of 35% in E direction was observed in accordance with previous studies whereas the permanent drop was 16.6% [11] . We showed that even if the input motion could explain slight variations in this case, most of them are due to structural nonlinearity. In case of strong shaking like those produced by the San Fernando earthquake, the time-frequency distribution is useful to obtain a relevant interpretation of the resonance frequency variations during earthquakes and later, assess the building integrity after a damaging earthquake.
Under weak motion, other effects such as variations of the input signal may dominate the frequency variations observed on recordings at the City Hall of Grenoble. In this study, the time-frequency analysis shows also clearly the alternation in time between the bending and the torsion modes that may also be linked to the nature of the ambient vibrations. For that reason, the reassigned SPWV distribution is also well adapted to weak motion application in order to evaluate smaller frequency variations under moderate earthquake and ambient vibrations. As shown for the City Hall of Grenoble, these variations should not be related to soil-structure interaction effects or transitory reduction of stiffness but to the input motion.
